We use energy functional theory to rationalize these results and demonstrate a chirality inversion upon increasing hierarchical levels, from the left-handed amyloids to the righthanded cholesteric droplets. These findings significantly deepen our understanding of chiral nematic phases and may pave the way to their optimal use in soft nanotechnology, nanomaterials templating and self-assembly.
The understanding of how chirality is transferred and amplified across various length scales is a fundamental problem with broad implications in nature. Chirality, as observed in nature, typically shows distinct preferences and high selectivity. For instance, only D-sugars and L-amino acids are included in the formation of DNA and proteins, respectively, and this molecular chirality transfers in a way that controls both structure and biological functions. Experimental advances in this area may therefore contribute both to an improved fundamental understanding of the mechanisms behind chirality transfer and also have a direct influence of the design of new biologically-mimicking materials.
Amyloid fibrils are a chiral protein-based system, formed through the self-assembly of β-sheet aggregates into twisted or helical ribbons. Pathological amyloids have great importance in biology 8 and medicine 9 , where they are known in relation to neurodegenerative diseases such as Parkinson's and Alzheimer's, while functional amyloids play vital roles for the physical and biological function of living organisms [10] [11] [12] . Amyloid fibrils are furthermore emerging as important building blocks for bionanotechnology 7 , where they can serve as a versatile platform for new functional biomaterials 13 .
Although the amplification, transfer and inversion of chirality is known on the single fibril level for amyloids 14 , to date any chiral colloidal liquid crystalline phase, also referred as cholesteric phase, has remained elusive in this system. This is both puzzling and surprising, since their well-defined chirality at the single fibril level, would infer, a priori, the presence of cholesteric phases, in direct analogy with other biological systems such as DNA 15 , virus, 16 collagen 17 or nanocellulose 18 where chiral nematic phases are routinely observed, yet not fully understood. In stark contrast with other filamentous biological systems, however, cholesteric phases in amyloid fibrils are still to be found.
We show in what follows that amyloid fibrils with well-controlled left handedness assemble into cholesteric phases with right handedness. This introduces one additional important system within the class of cholesteric colloids exhibiting handedness inversion, yet opposite to that of previously observed systems where right-handed colloidal particles transfer to left-handed chiral nematic phases [19] [20] [21] . We also show that the ensued cholesteric phases present significant complexity in the phase diagram, compared to previously known cholesteric systems and we use scaling concepts on the energy functional to rationalize the essence of the experimental findings, advancing our understanding of cholesteric liquid crystalline systems.
Amyloid fibrils were self-assembled from β-lactoglobulin protein, cut into shorter rod-like particles using shearing and purified through dialysis to remove unreacted protein, see Fig. 1a .
Transmission Electron Microscopy (TEM) shows a characteristic difference between the semiflexible nature of the long amyloid fibril and the cut fibrils (Fig. 1b,c) , which appear as fully rigid rods. The average length of the cut fibrils, analyzed using contour tracking software 22 , is <L avg >= 401 nm, n=3500, which combined with the average height from AFM, <h avg >= 4 nm 23 , gives an aspect ratio of ~100. TEM also confirms the left-handed chirality of the fibrils 7 , which is conserved also in the cut and dialyzed fibrils.
When prepared in aqueous dispersions, amyloid fibrils display an isotropic to nematic phase transition that can be well described by the Onsager theory extended to account for the charged and semi-flexible nature of the particles [24] [25] [26] . Remarkably, in addition to the nematic phase, the present modified amyloid system displays a rich phase behavior ( Fig. 1d-m) , where different phases, among which cholesteric droplets, emerge at different equilibration times and sample compositions.
The phase development follows a nucleation and growth behavior where small domains, appearing as bright birefringent droplets under the microscope, nucleate and grow with time until macroscopic phase separation is reached. The exact position within the meta-stable region of the phase diagram determines the fate and the final structure of the observed liquid crystalline droplets.
We note that at interfacial tensions as low as those expected here, the trajectories followed by the nucleation and growth of the tactoids can vary significantly from nominal binodal lines, leading to important supersaturation effects and spread in composition of the tactoids. Although most of the observed cholesteric droplets can be classified according to the classification of Bouligand and Livolant 27 , three major classes of tactoids dominate the phase diagram: i) nematic tactoids with homogeneous director field, ii) nematic tactoids with bipolar director field, and iii) uniaxial cholesteric droplets. To rationalize the most salient features of the observed phase behavior, we rely on the analysis of the liquid crystalline energy landscape, by using a scaling form of the Frank-Oseen elasticity theory.
A simplified case has been treated by Prinsen et al. 28 for untwisted, non-chiral droplets, who
showed that the energy functional can be reduced into the sum of two terms: the surface contribution, scaling as ∼r 2 and an overall elastic contribution, scaling as a volume times the square of a curvature: r 3 r -2 ∼r.
Under these conditions, the theory explains well the transition from homogeneous to bipolar nematic spindle-like droplets when a critical volume is reached: if the droplets are sufficiently small, the elastic term ∼r dominates over the surface ∼r 2 term and the elastic energy needs to be minimized primarily by adopting spindle-like shapes of the droplets with a homogeneous nematic field; above a critical volume the energy becomes dominated by the ∼r 2 surface term and the energy is now minimized by anchoring the mesogens into a bipolar configuration.
When chirality exists, however, the physics needs to account for the effects arising from the chiral twist. Starting from bipolar spindle-like droplets, as expected for large-enough volumes, the scaling law of the free energy functional can be generalized into:
where r and = ( > 1) are the short and long radii of the spindle-like droplets; K=K 1 =K 3 is the elastic constant taken equal to both the splay (K 1 ) and bending (K 3 ) constant, following the oneconstant assumption 28 , K 2 the twist elastic constant, the interfacial energy and q is the cholesteric wave number, i.e. 2π/P, with P the cholesteric pitch. The first term is the sum of the splay and bend deformation energies, the second term is the surface energy for bipolar orientation of the nematic director and the third term is the elastic contribution due to the chirality.
The question to ask now is: how does a particle of a fixed volume ≈ ! ≈ ! reshape itself to minimize energy? For very small particles, the first term dominates over the other two terms, provided that
for volumes smaller than this threshold, only spindle-like droplets with homogeneous director fields are expected, since the overall energy can be minimized by simply minimizing the first elastic term.
For slightly larger droplets, spindle-like droplets assume a bipolar orientation of the nematic director to avoid the anchoring surface term and both first two terms ! + / need to be considered to minimize energy: and remembering that V is constant and q is a function of r:
which is a first order differential equation, whose only physical solution for q is:
where ! is the wave number of the corresponding infinitely relaxed, unconstrained cholesteric phase ( → ∞). This has the important implication that a cholesteric droplet can only be observed for sufficiently large droplets:
. In other words, the larger the ratio between the surface tension and the elasticity constant K 2 the larger the droplet must be in order to overcome the chiral symmetry breaking operated by the surface term, as one would expect intuitively. Beyond this critical volume threshold, chiral nematic droplets are observed with a wave number (pitch) asymptotically increasing (decreasing) until reaching the bulk unconstrained ! (pitch 2 / ! ) for infinitely large droplets. We also note that eq. 3, which is derived in weak anchoring conditions ( (i·n) << 1), would also predict a critical size for the nematic-cholesteric transition in strong anchoring conditions: in such a case ( (i·n) >>1) and the same conclusions can be drawn by simply replacing γ with γ in eq. 3.
In order to test some of these theoretical predictions, an experimental protocol needs to be designed to provide the distinction between homogeneous and bipolar nematic tactoids on one hand, and the measurement of the cholesteric pitch on the other hand. To achieve this we turn to the amyloid fibril water system described in Fig. 1 . This system, when prepared at a concentration within the coexistence region of the isotropic-nematic phase diagram, nucleates anisotropic birefringent tactoids that grow with time as shown in Fig. 2 . When observed under cross-polarized light, nematic tactoids with homogeneous director field show an extinction if the director is oriented parallel to one of the main polarizers axes (Fig 2a) , while the curvilinear orientation of the director in the bipolar tactoids leads to a change in texture upon rotation, with a central dark cross, without, however, total extinction (Fig 2b) . We note that the presence of this central dark cross is an important feature to identify mirror-symmetric (untwisted) bipolar nematic tactoids, ruling out chiral symmetry breaking operated by the saddle-splay contribution, such as in achiral chromonic liquid crystals 29, 30 . This, together with the striped texture of the cholesteric droplets, allows identifying unambiguously the main classes of tactoids found in our system. With these experimental data available, it now becomes possible to check the main features predicted by the energy functional. To start, we fit the aspect ratio of bipolar nematic tactoids via
. As shown in Fig. 3a the theory describes well the monotonic decay of the aspect ratio with respect to the major droplet radii. By taking 10 -6 N/m for , typical for water-in-water emulsions 31 , the best-fitted value yields =4.3·10 -11 N, which is a typical order of magnitude for the splay and bend constants of liquid crystals. Secondly, the threshold for the transition of spindle-like To push the analysis further, the cholesteric pitch was evaluated from the average distance between positions of intensity maxima along a line perpendicular to the cholesteric bands (Fig. 3c) and allowed, combined with the analysis of the tactoid's long and short axis, to quantify the dependence of the cholesteric pitch on the size of the tactoid. By taking, by analogy, the twist constant measured for cholesteric phases of filamentous fd virus in low salt conditions for ! , ~10 -12 N, 16 , 10 -6 N/m for , and ! = 2 / ! where ! is 20 µm, experimentally determined from the cholesteric bulk phase of the amyloid system. This allows plotting the expected evolution of the cholesteric droplet pitch using eq. 3 without using any fitting parameter and is in agreement with the experimental data as shown in Fig. 3d .
Finally, the threshold for nematic-cholesteric droplet transition
can also be determined using the same values as above and is found to be in ~8.3·10 3 µm 3 , again, in good agreement with the experimental observations (see Fig. 2c and Fig. 3d ). 
! , and thus is expected to rapidly increase with increasing aspect ratios of the droplets.
With the main features of the phase diagram rationalized through the scaling of the energy functional, we can now return to the question of chirality transfer across length scales. To this end,
we designed an experimental setup where the handedness of the cholesteric phase of tactoids could be directly determined. The sample cuvette was oriented at a 45° angle between the crossed polarizers (x-and y-axis in Fig. 4b ), so that tactoids with their cholesteric axis parallel to the y'-axis from right-handed colloids to left-handed cholesteric phases has been observed [19] [20] [21] 32 . Different mechanisms have been invoked to explain chirality inversion, such as electrostatics 21 , molecular sequence-dependence 32, 33 , and excluded volume interactions, 34 but no unanimous consensus has been reached yet. Therefore these results may provide additional important experimental evidence towards conclusively solving this paradigm. 
